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ABSTRACT 

The construction of Neveu-Schwarz superconformal field theories for any N is given via a su- 
perfield formalism. We also review some results and definitions of superconformal manifolds and 
we generalise contour integration and Taylor expansion to superconformal spaces. For arbitrary 
N we define (uncharged) primary fields and give their infinitesimal change under superconformal 
transformations. This leads us to the operator product expansion of the stress-energy tensor 
with itself and with primary fields. In this way we derive the well-known commutation relations 
of the Neveu-Schwarz superconformal algebras K N . In this context we observe that the central 
extension term disappears for N > 4 for the Neveu-Schwarz theories. Finally, we give the global 
transformation rules of primary fields under the action of the algebra generators. 
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1 Introduction 

The interplay of symmetries and conservation laws is one of the most intriguing features of physics 
and it can be found in many different areas of physics. Very often, physical systems for which one 
would have a priori thought that they have nothing in common, share in fact the same symmetry 
properties and thus have common physical properties. A recent example that illustrates this is local 
conformal symmetry, a concept which concerns various sectors of physics. The conformal symme- 
try group includes both Poincare symmetry and scale invariance. The group of globally defined 
conformal transformations on the Riemann sphere are the well-known Mobius transformations, the 
transformations keeping angles invariant. In two dimensions, local conformal transformations are 
simply the locally holomorphic functions. 

One of the most fascinating facts about statistical systems is the existence of special critical 
points where the systems become scale invariant and thus locally conformally invariant 7 . Sweeping 
to an entirely different part of physics, string theory, we again find local conformal symmetry, here in 
two dimensions; after fixing the local symmetry of the string we are left with a conformally invariant 
field theory in two flat dimensions. Watching out for conformal invariance through physics we come 
across percolation systems 45 , random walk models 20 among many more still to be discovered. 

Conformal invariance in a conformal field theory of two dimensions turns out to be particularly 
interesting since the algebra of symmetry generators becomes infinite dimensional. The algebra of 
generators of conformal transformations in two dimensions is given by the Virsoro algebra. This is 
an infinite dimensional Lie algebra with the commutation relations 

C o 

[L m ,L n ] = (m-n)L m+n + —(m - m)5 m+nfi , (1) 

[L m ,C] = , m,n£Z . 

For a classical theory the central extension C would be trivial and therefore Eq. (1) would represent 
the de Witt algebra. Starting with the paper of Belavin, Polyakov and Zamolodchikov 7 , many 
statistical models at their critical points have been identified as conformally invariant theories 2 ' 22 ' 32 . 
In the canonical quantisation scheme, Lq generates time translations and hence represents the 
energy of the system. Since the energy is bounded below, the space of states of the physical system 
is confined to be a sum over highest weight representations' 1 of the algebra Eq. (1). A highest weight 
representation of the Virasoro algebra is a representation containing a vector \h, c) such that 

Lq \h, c) = h \h, c) , C \h, c) = c\h, c) , L n \h,c) = , Vn G N . 

\h, c) is called a highest weight vector with conformal weight h. In an irreducible representation of 
the Virasoro algebra the central extension operator C has a fixed value c £ C since it commutes 
with the whole Virasoro algebra. Therefore it is common practice to omit c in the highest weight 
vector \h,c) and consider it as a fixed constant. We construct the freely generated module Vh tC on 
a highest weight vector \h, c) which is called the Verma module of \h, c). A basis for V/j jC is given by 

B h ,c = \L-niL-m_i ■ ■ ■ L_ n2 L_ ni \h, c) : m > . . . > m, «j S N, i€ N | . (2) 

The action of the Virasoro algebra on V/j jC is simply given by its commutation relations and the 
action on the highest weight state \h,c). By defining the triangular decomposition of the Virasoro 

"There is the usual historical confusion: what physicists call a highest weight vector is in fact a vector of 
lowest weight in the Verma module. 
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algebra, which we shall call the algebra Ko, we can write V^ jC using tensor product notation: 

K = K ' © H © K + , (3) 

Ko 1 * 1 = span{L-t n : n £ N} , Ho = span{Lo,C} , 

V h , c = U(K )® Homo+ \h,c) , (4) 

where U(Ko) denotes the universal enveloping algebra of the Virasoro algebra Ko- The Verma module 
V/j jC decomposes into a direct sum of Lo grade spaces V£ c with the basis 

Bl c = JL_ n .L_ ni _ 1 ...L_ n2 L_ m \h,c) : n» > ... > m, n i + ... + n 1 = n, rij G NJ , (5) 

where S? c is defined to be {\h, c)}. If i?^ iC is an irreducible highest weight representation of the 
Virasoro algebra with highest weight h and fixed value c for C, then there exists a homomorphism 
(fth^ from V/j jC onto i?h iC . If V^ c is reducible, then the kernel K^ c of 4>h,c is non-trivial. It can be 
shown that in this case K^ c can also be decomposed in Lq grade spaces K£ c . If a vector lies in Kh jC 
it is obvious that all its descendant vectors, obtained by acting with Virasoro operators of negative 
index on the vector and taking linear combinations, also lie in Kh c . Hence, if K? is non-trivial we 
find that the homomorphism ^ ;C is trivial and we obtain the trivial representation. If Rh, c is not the 
trivial representation we have K® = {0}. Thus there exists a smallest index j £ N such that Kl 

is non-trivial. If we take ip £ K 3 hc and L m with positive index, then (f>h,c(L m ' l P) = -^m^ > /i,c(V ; ) = 
and hence due to the minimality of j we find L m ip = 0. The vector ip is not proportional to the 
highest weight vector \h,c) but satisfies highest weight vector conditions with highest weight h + j. 
We call such a vector a singular vector in Vh c at level j: a vector ip n £ V^ c is called singular vector 
at level n if 

Loipn = (h + n)ip n , L m ip n = , VmeN . (6) 

For the Virasoro algebra it can be shown 21 that any vector in the kernel Kh >c is either a descen- 
dant of a singular vector or is singular itself. For all algebras, a highest weight representation is 
irreducible if and only if there are no singular vectors in the representation. This is fundamental to 
understand the significance of the singular vectors. Furthermore, as proven by Feigin and Fuchs 21 , 
if we know in the Virasoro case the singular vectors in Vh )C we can construct the irreducible rep- 
resentation Rh, c by acting on Vh c with a homomorphism whose kernel consists of the sum of the 
submodules spanned by the singular vectors and their descendants . The structure of the highest 
weight representations of Eq. (1) are by now very well understood thanks to the combined effort 
of several authors 5 ' 6 < 8 < 9 > 21 > 22 > 25 > 31 > 36 < 37 . 

So far, we have been looking at a theory describing a conformally invariant physical model 
at algebraic level. The underlying quantum field theory contains the quantum fields &h( z ) which 
generate the energy eigenstates \h,c) from the vacuum: \h, c) = &h(z) |0) c - Here we fixed again 
the central extension term: C|0) c = c|0) c . These fields are called the primary fields. The field 
generating the conformal transformations and hence having the Virasoro generators as modes, is 
the stress-energy tensor T(z): 

T{z) = J2(z-™r n - 2 L n (w) . (7) 

ngZ 

6 For other algebras, after acting with the homomorphism which puts all singular vectors and their de- 
scendants equal to zero in the Verma module, new singular vectors may appear which were initially not 
singular in the Verma module. Such vectors are the so-called subsingular vectors of the Verma module. 
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As we explain later in the context of superconformal field theory, performing two conformal trans- 
formations and using contour integration methods allow us to compute the commutator of algebra 
generators and primary fields: 

[L m {w),* h (z)] = [h{m + l)(z-w) m + (z-w) m+1 ^ h {z) . (8) 

We can always shift any point z to the origin since the group of translations is contained in the 
group of conformal transformations. Therefore we denote L m (0) simply by L m and we take the 
vector \h, c) as generated at the origin: \h,c) = 3^(0) |0) c . We can give a complete set of fields 
of the conformally invariant theory by acting with the modes of T{z) on primary fields §h{w) to 
obtain the descendant fields of $h{w)- 

Singular vectors vanish in the physical theory. Therefore, correlators with singular vector 
operators inserted have to vanish. Using Eq. (8) one can thus obtain differential equations for the 
correlators of the theory by inserting singular operators. Hence, singular vectors together with 
Eq. (8) describe the dynamics of the physical model. For this reason we need to know not only 
singular vectors and thus irreducible representations, but also the action of the algebra generators 
on the primary field as this describes the dynamics. In this paper we will focus on the definition 
of primary fields in superspace using a superfield formalism. These are exactly the theories which 
are known as the Neveu-Schwarz theories. 

In a physical model for elementary particles which has a Lie algebra as symmetry generators, 
the statistics of the particles are left unchanged under the action of this algebra. However, there 
is a common belief that a theory of everything should have a symmetry, transforming particles of 
different statistics into one another and hence providing a geometrical framework in which fermions 
and bosons receive a common treatment. Such a symmetry can be realised using a symmetry alge- 
bra which is Z^-graded in the sense that some of their elements satisfy anticommutation relations 
rather than commutation relations and the underlying geometry can be provided by supermani- 
folds. These Z2-graded algebras form Lie superalgebras. Motivated not only by string theory but 
also by two-dimensional statistical critical phenomena, the Lie superalgebra extensions of the Vi- 
rasoro algebra became very attractive, as first suggested by Ademollo et al. 1 . At the same time 
Kac 33 independently constructed several series of simple infinite-dimensional Lie superalgebras, 
among them superextensions of the Virasoro algebra. Since then, many applications for super- 
conformal field theory were found, not only of theoretical interest. The tricritical Ising model, 
which can be realised experimentally 48 , was identified by Friedan, Qiu, and Shenker 23 as a N = 1 
superconformal model (we will reveal later the significance of the parameter N in that context). 
Moreover, the N = 2 superconformal models find applications in critical phenomena since under 
certain circumstances 0(2) Gaussian models are N = 2 super conformally invariant 49 . There has 
recently been great interest in superconformal field theories because of their applications in super- 
string theory. The N = 2 superstring seems to be particularly interesting because of its connexion 
to quantum gravity 41 ' 43 ' 44 and two-dimensional black holes. Furthermore it has been conjectured 
that the N = 2 string should give us insight into integrable systems 4 . Just recently, Kac has proven 
a complete classification of superconformal algebras 35 . 

After setting up the necessary supergeometric framework in Sec. 2, we define in Sec. 3 the 
notion of superconformal transformations. In Sec. 4 and Sec. 5 we construct the foundation of 
superintegration and super Taylor expansions. This enables us to define in Sec. 6 superconformal 
field theories and to derive the well-known examples of N = 1 and N = 2 superconformal field 
theories in Sec. 7 and Sec. 8. The Hilbert space of states of a conformal field theory is created 
by the action of superconformal primary fields on the vacuum state and furthermore the action 
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of the whole superconformal algebra on these highest weight vectors. Therefore the action of the 
algebra generators on the superconformal primary fields is of particular interest. We investigate 
the global transformation properties of uncharged superconformal primary fields in Sec. 9. Like a 
conformal field theory, a superconformal field theory consists of two chiral sectors having equivalent 
representation theories. For this reason we will restrict our definition to one chiral sector only: the 
holomorphic part. We therefore leave the antiholomorphic coordinates always unchanged and omit 
them in the notation. 



2 Supergeometry 

As pointed out earlier, the ideas of having symmetry algebras which transform particles of different 
statistics into one another requires the extension of Lie algebras by anticommuting objects. This 
can be done by extending a Lie algebra to a Z2-graded algebra which defines the notion of a Lie 
superalgebra. The theory of Lie superalgebras is well established in the mathematical literature 
and we certainly do not want to rederive this here. The interested reader will find a vast amount 
of literature on this topic among which we want to point out the paper by Kac 33 and the book 
by Scheunert 46 . For our purpose we shall give a more simplified definition of a Lie superalgebra 
starting already from an associative algebra: 

Definition 2. A Lie superalgebra 

Consider a 7,2-graded associative algebra A = Ao © A\ with a p b q G A p+q i mod 2) f or a p £ A p , b q G A q 
and p,q G {0, 1}. We define the bilinear supercommutator by defining it for a p G A p and b q G A q , 
p,q£ {0,1}: 

[a P ,b q ] s = a p b q - (-l) pq b q a p . 

A is called Lie superalgebra. The elements of Aq are qualified as even and the ones of A\ as odd. 

We have now defined what in a supertheory will play the role of the symmetry algebra. How- 
ever, in order to define a quantum field theory, we need to define the underlying manifold. The 
concept of supermanifolds, extensions of differential manifolds, is well understood. Among other 
references we shall point out the book by Manin 40 . However, we want to achieve the extension 
of Riemann surfaces, the underlying manifolds of conformal field theories. A subclass of these 
so-called superconformal manifolds, also known as super-Riemann surfaces, were first studied by 
Friedan 24 . This was later generalised by Cohn 13 . The definition we give here claims by no means 
to be exhaustive but should rather be understood as an incentive. 

In order to extend an ordinary quantum field theory to a super quantum field theory with 
underlying supermanifold one would construct a fibre bundle of anticommutative rings over the 
manifold of the model. As far as coordinates are concerned we obtain the ones of the manifold plus 
anticommuting Grassmann variables arising due to the attached anticommutative rings. 

Definition 2.B Anticommutative ring 

An algebra R over the complex numbers C is called anticommutative ring if it is 7Li-graded R = 
Ro © R\ such that a p b q G R p + q (mod2) f or a p £ Rp an d b q G R q where p,q G {0, 1}. Moreover the 
bilinear supercommutator is trivial: 

[a p ,b q ] s = a p b q - (-l) pq b q a p =0 , 
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with a p £ R p and b q £ R q for p,q £ {0, 1}. Furthermore we require that there exists a generating 
set Rq C R\. 

The elements of Rq shall be called Grassmann variables. They satisfy 

0102 = -9 2 9i , 0i,02 € Re , (9) 

and since they generate R, we can write R as the ring of polynomials over C generated by Rq: 

R = C[Rq}. 

The number of anticommutative rings we tensor together in the fibres has to be the same 
for the whole manifold. It is called the classification parameter N of the supermanifold. The 
theories we aim to construct are based on the manifolds of conformal field theories, more precisely 
on Riemann surfaces having the complex coordinate z. To construct the super extension we take 
N anticommutative rings in its fibres. We obtain the set of coordinates (z, 0i, . . . , On) and we then 
extend the complex differential structure by anticommuting derivatives ^-: 

d d d d d d 

WiWj = ~WjWi ' d9~ j = iJ ~ j tWi 



Sv-Ojjsr ■ ( 10 ) 



Finally, we define the superderivatives A = ^- + 9{-^ for i = 1, . . . , N. The super derivatives 
are the square roots of the complex derivative d z = Df, and therefore they describe exactly the 
fermionic structure we expected. Performing a coordinate transformation from (z, 0i, . . . ,0jv) to 
(z,9\,..., 0jv) the superderivatives transform as follows : 

A = (D l 9 j )D j + (DiZ-OjDidJdz . (11) 



homogeneous part inhomogencous part 

dz 



In a conformal field theory the derivatives transform covariantly obtaining a prefactor only: 
25§ jj=. We apply the analogue statement for the square roots A of d z to define a superconformal 
field theory. Among all supertransformations we pick those which transform the superderivatives 
by a scaling factor only and which are therefore conformal in both the even and the odd variables. 
Hence, we require the inhomogeneous part in Eq. (11) to vanish: 

Definition 2.C Superconformal transformations 

A transformation from (z, 0±, . . . , #tv) to (z, 0i, . . . , 0jv) is called superconformal if 

A = {Pi9j)Dj , 1 < i < N . (12) 

We conclude this section by defining the underlying manifold of a superconformal field theory: 

Definition 2.D Superconformal manifold 

A superconformal manifold Sn of classification parameter N is a fibre bundle of N anticommutative 
rings over a one- dimensional complex manifold where the transition functions are superconformal 
transformations. The coordinates shall be called superpoints Z = (z, 0i, . . . , 0jv). 

The space of functions J~n defined on a superconformal manifold consists of functions f{Z) = 
f°(z)-\-0ifl(z) + . . . +0102 • • • &Nf N { z ) where the functions f°(z), . . ., f N (z) are complex functions 
evolving according to superconformal transformations. 

c Including the zero-power product, i.e. the identity. 
d The usual summation convention applies. 
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3 Superconformal transformations 

Following the original approach of Kac 33 we define the differential form k = dz + OidOi. Supercon- 
formal transformations are the only transformations under which k will simply be scaled. We find 
the following equivalences: 

Theorem 3. A 

D i = (D i O j )D j ,Vi <& D j z = i D j i ,Vj <& R = pn , (13) 

where the pref actor p(z, 0\, . . . , On) is given by 

dz Q&k 

dz % dz 

Proof: The transformation of k is 

(dz ,dOi\ , f dz ^d0A ,„ 

R = pn implies I g| + 0% -q%\ Oj = { — q§- + ^iQg^j which is consequently equivalent to Djz = OiDjOi. 
Thus the scaling factor p can be found in Eq. (14). ■ 

Hence, finding the generators of superconformal transformations is equivalent to finding the 
super derivatives acting on the space of differential forms V = C[z, z~ 1 ](g>c ( C[d.z](g>cC[6'i, . . . , On]®C 
C[dOi, . . . ,o10n] and leaving k G V invariant up to a scalar multiple, i.e. R = pn for some p 
depending on the coordinates. For our further considerations we present the result of Kac 33 in 
the form recently given by Bremner 12 . One takes elements i\, . . . ,ij G {1, . . . , N} which form the 
sequence S = (h, . . . , ii). In addition one defines the complement of S as a set S = {1, ... , N}\S 
and finally constructs operators labeled by a sequence S and an index a which is taken from Z if 
the number of elements in S is even or otherwise a is taken from Zi: 

2 

X a (h, ...,*,) = (1 - t)z a - L * +1 o h . . . h d z + \ ]T(-i)P+V-5+X . . . o ip . . . O iz de ip 

p=l 

+\( a - \ + !) E «°"^« • • • Wkdo k , (15) 

where 0i p signifies that 0i p is omitted in the product. X a (i\, . . . , ij) is defined to be even if a € Z, 
otherwise it is qualified as odd. A basis for the space of operators leaving k invariant up to a scalar 
multiple is given by the set of X a {i\, . . . ,i[) with 1 < i\ < . . . < ij < N. The operators (15) satisfy 
the supercommutation relations 

[X a (h, . . . ,ii),X b (j 1: . . . ,jj)] s = E E 2 lP ' Jq Xa+b ( il > • ■■'%'•■ • »^» Ji' • • • '•?<?' • • • » Jj) 

P=ig=i 

+ [(l--)b-(l--)a]X a+b (i 1 ,...,i I ,j 1 ,...,jj) , (16) 
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which are closed in the set of basis elements by reordering 6 the union of the sequences (ii, ■ ■ ■ ,ii) 
and (ji, . . . , jj). Moreover for the transformation of n one can find the scaling factor: 

R = X a (ii,...,i/)« = (a- - + l)z a ~h il ...e il K . (17) 

The result by Kac gives the symmetry generators of a classical superconformally invariant field 
theory. In particular for N = we obtain a conformally invariant classical model having the de 
Witt algebra as symmetry algebra. It contains the operators X a = z a d z where a £ Z, satisfying 
the commutation relations 

[X a ,X b ] = (b-a)X a+b . (18) 

It is a feature of infinite dimensional Lie algebras to allow in the quantised theory central terms 
which extend the classical symmetry algebra but do not change the infinitesimal transformations 
of tensors. In the case of N = the allowed central term leads us to the Virasoro algebra. Later 
we shall find that for the superconformal theories we have as well at most one central term which, 
however, disappears completely if N is at least equal to 4. 

4 Superconformal integration 

4.1 Superdifferentials 

We have found the superconformal analogues Di of the conformal derivatives 4- . In order to find 
the analogue of the radial quantisation procedure used for two-dimensional conformal field theories, 
we have to develop the corresponding integration and contour integration techniques. In order to 
do so we need to define differentials dZj as duals of D{. 

Definition 4. A Superdifferentials 

We define the differentials dZi, i = 1, . . . , N, as the dual elements of the superderivatives D^: 

D i dZ j = 5 itj , i,j€{l,...,N} . (19) 

If we are given a superconformal transformation-^ 6\(z, Q\, . . . , On), ■ ■ ■ , On(z, 0i, ■ ■ ■ , On) then 
the matrix of superderivatives will contain all the information of directional derivatives and hence 
be crucial to define integration. 

Definition 4.B Super Jacobi matrix 
We define the matrix of superderivatives 

I Did! ... D N h \ 
D§ = : j , (20) 

V Di9n ■ ■ ■ DnOn / 

which we can write in index notation as (D9)ij = DjQ{. 

e Note that X a (i\, ...,?/) is trivial if (i\, . . . , ij) contains the same element twice or otherwise it is pro- 
portional to the basis element X a (i[, . . . , i'j) with (i' 1; . . . , i'f) being (ii, . . . , ii) reordered appropriately. 

* Due to Eqs. (13) the derivatives of z are determined by 9i, . . . , 6n and hence contain no linearly inde- 
pendent information. 
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As the first fruitful result of these definitions we can check easily that the usual chain rule holds: 

DO = {D6){D9) . (21) 

We thus obtain the transformation rule for the vector of differentials dZ = (d-Zi, . . . , dZjy) T under 
superconformal transformations: 

dZ = DOdZ . (22) 

4.2 Riemann superintegrals 

We say F(Z) is a Zi-integral of f(Z) if DiF(Z) = f(Z). In symbols we write 

F(Z) = JdZif(Z) . (23) 

Obviously D t F(Z) = with F(Z) = F°(z) + BjFj{z) + ... + X 2 . . . N F N (z) and fixed i implies 
that the only possible non-trivial components of F{Z) are those which are not a coefficient of the 
coordinate 0%. Furthermore, their derivative ■£- has to vanish and they are therefore constant. 
Thus, F(Z) is constant in 0{ direction. This implies automatically that due to the linearity of 
the differential operator D{ two Zj-integrals of f{Z) differ at most by a factor which is constant 
if we fix Oj for j = 1, . . . , N, j ^ i. Defining integration over the superdifferentials dZi using a 
generalisation of the fundamental theorem of calculus is therefore justified. 

Definition 4.C Riemann superintegrals 

We define the Riemann superintegral of a function f(Z) as 

f 2 dZ t f(Z) = F(Z 2 )-F(Z l ) , (24) 

where F(Z) is a Zi-integral of f(Z), i = 1, . . . , N, and the superpoints Z\ and Z 2 coincide with the 
possible exceptions of their z and Oi coordinates. 

In the view of further applications we define for two superpoints 9 Zi = (z^^i, . . . ,0i,n), i S 
{1,2}, the differences Z± 2 = z\ — z 2 — 0i,j0 2 j and 0± 2 j = 0±j — 2 j. The importance of these 
superdifferences' 1 lies in D 2 ^Z™ 2 = nO\ 2 ^Z^ 2 and D 2 u\0\ 2 u\Zy2. = —Zf 2 . This means that they 
are the successive Zj-integrals of 1: 

z 2 

dZ 3i Zi 3 = —0i 2 iZi 2 , (25) 

Zi 

\z Ui) 6 13:il) z? 3 = ^y^iV 1 • (26) 

Moreover, we now define integrals over a volume of the superconformal space: 



9 One should not confuse the component index with the label index of superpoints, superderivatives and 
superdifferentials. 

h {i) denotes no summation convention applies to the index i. 
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Definition 4.D Superconformal integral over a volume 

We take f{Z) € J~n <^nd let V be a volume in the superconformal space Sn- We then define the 

superconformal integral over volume V: 

f dZf(Z) = I dZi . . . dZ N f(Z) . (27) 

Jv Jv 

The chain rule (22) leads us to the substitution rule for integrals of the form (27). We take a scalar 
function f(Z) of the superpoint Z and perform a superconformal transformation* Z h^ Z: 

( dZf(Z) = I dZf(Z)detD6 . (28) 

Jv Jv 

4.3 Supercontour integrals 

Finally we want to define contour integrals on the superconformal manifold Sn- Whilst for Riemann 
superintegrals we aimed to find a function which has a given function as derivative and satisfies 
certain boundary conditions, for contour integrals we are more interested in defining an extension 
which is translation invariant and linear just like ordinary contour integrals. These two properties 
fix the contour integrals already up to a scalar factor. We follow the standard approach to define 
contour integration over Grassmann variables. 

Definition 4.E We define contour integrals over 6j as 

dOi Bj = S hj , (29) 

c„ 

dBi 1 = 0, 



I Co 

where Cq is a supercontour about the origin. 

These simple integration rules have the effect that for a function f(Z)£ J~n the only contributing 
term towards the contour integral is f (z), due to: 

AT(iV-l) 

d0i...d0jv 0i... N = (-i)s— , (30) 

Co 

and the integral vanishes whenever some of the 6i are missing in the product 0± . . -Bn- This leads 
to the definition: 

Definition 4.F Supercontour integrals 

For the function f(Z) = f°(z) + 6if}{z) + . . . + B\ . . . BnJ (z) £ Fn we define the integral along 

the supercontour C as 



I dZf(Z) = I dzdBx ■ ■ ■ d6 N f{Z) 
Jc Jc 



= e N j c dzf N (z) , (31) 

N JV(JV-l) 

where e = (— 1) 2 ; andC is the projection of the supercontour C into the underlying Riemann 
surface. 



l Note that we do not consider any supcrdctcrminants. DO is merely an even object. 



Neveu-Schwarz superconformal fields and uncharged superconformal transformations 10 

5 Super Taylor expansion 

We already know from the definition of a function on a superconformal space how it can be ex- 
panded in a power series about the origin. In this section we derive an expansion about non-trivial 
superpoints. We thus obtain an expansion in terms of the superdifferences Z\ 2 and 0i2j- 

Theorem 5. A Super Taylor expansion 

The super Taylor expansion of f(Z) £ Fn is given by 

00 , N 

f(Z x ) = El^IIa + ^A')/^). (32) 

n=0 3=1 

Proof: We first consider the case- 7 N = 1: Zi = (zi,0i), i £ {1,2}. 

-z 



Z2 -z 2 r z 



f(Z 2 ) = /(Zi) + / 2 dZD/(Z) 

= f(Z 1 ) + ( [ Z dZ')Df(Z) + r dZ( [ Z dZ')D 2 f(Z) 

= f(z ± ) + (e- e l )Df{z)\ z z \ + f Z2 dz(6 - e 1 )D 2 f(z) 

Jz 1 
= f(Z 1 ) - 6 12 D 2 f(Z 2 ) + [ [ Z dZ'(0' - 9 1 )]D 2 f(Z) 

JZi 

- I 2 dz{ z - Zl - ee 1 )D z f{z) 

JZi 



Z 2 

Zi 



= /(Zi) - e l2 D 2 f(z 2 ) - z 12 D 2 f(z 2 ) - \e l2 z l2 Dlf(z 2 ) 

-\z\ 2 D\f{Z 2 ) - ±Z 2 12 e 12 D 5 2 f(Z 2 ) - . . . . 

Using Eqs. (25) and (26) we can easily prove by induction: 

00 -. 
/(*i,0i) = £-Z? 2 (1 + 12j D 2 )L> 2 2 "/(Z 2 ) 

00 -, 

= J2-i Z ?2dl(l + ei 2 D 2 )f(Z 2 ) . (33) 

n=0 

For the general case we define the sequence of superpoints: 

%i = C^i) 0i,i) #1,2) ■■■ ,Qi,n) ) 

J Note that for odd functions / we can integrate by parts by altering the signs: J dZ [Df(Z)]g(Z) = 
f(Z)g(Z) + J dZ f(Z)[Dg(Z)]. If f(Z) is even we can integrate by parts as usual. 
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Z\ = (22)02,1)01,2, ■ ■ ■ ,Oi,n) , 

Z\ = (22,02,1) ••• ) 02,i) 01,i+l, ••• ,01,Ar) , 



Zj — ( ^2,02,1 )02,2) ■■■ ,02,Ar) • 

We apply Eq. (33) which was found for N = 1: 

CO -I 

0/ i. 

CO -I CO -, 

^— ' n! ^ ^— '. m! 

n=U m=U 

where Z| 2 = -zi — z 2 — 0i,i02,i, 012,? = 0i,i — 02,i, Zf 2 = — 01,202,2- Using this last expression we 
obtain (Z 2 2 ) m = V m > 2. This leads to: 

CO -, 

Oil- 



■CO 



1 



2a 



/( Z = E ZT[(^12) n % + (^12)^l 2 2^ 2 +1 ](l + ei2,lAj,l)(l + 012, 2J D 2 ,2)/(Z 1 2 



n=0 



- E ^[ ( Z i2) n + n(Z 1 1 2 r- 1 Z 1 2 2 J ^ 2 (l + g 12 ,iD 2 ,i)(l + 0i2, 2 D 2 ,2)/(Z 1 2 ) . 

(21-22-6*1, 102, 1-01,202, 2) n 

Repeated application of this step until we reach Z2 = Z^ completes the proof. ■ 

We conclude this subsection with the main theorem of supercontour integration techniques: 
the Cauchy formulae. These formulae will be the essential tools to evaluate commutation relations 
in superconformal field theories. 

Theorem 5. B Cauchy formulae 

^-J c dZ 1 Z u n - 1 f(Z 1 ) = l0£D 2il ...D 2)JV /(Z 2 ) , 

1 , nl (-1)^-^ 
^— f dZi0i2.ii • • • 0i2,i fc Z 12 n /(Zi) = £iu...,iUh)i-,(iN-k) d ™2 D Hh) ■ ■ ■ 

■■■D 2: ( JN _ k) f(Z 2 ) , 

where the j 's are taken out of the complement of the i's in 1, . . . ,N in increasing order* . ^ i N 
denotes the totally antisymmetric tensor with ei ; ... ; jv = 1- Two particular cases of the last equation 

fc Note that the function f(Zi) has to be on the right of the integral. 
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are: 



^-.i dZ 1 9 12 ^ 1 ...9 m ...9 12 , N Z u n ' 1 f(Z 1 ) = -(-l) N - l e N d n Z2 D %l f{Z 2 ) , 

^-J c dz 1 e 12tl ...e 12:N z^ 2 n - 1 f(z 1 ) = ±e N dif(z 2 ) . 

Proof: Using the definition 4.F it is easy to show that 

^-j> dZ 1 9 12 ,i...9 12 , N Zr 2 n - 1 = e N S n , , (34) 

and the integral vanishes whenever the product #12,1 ■ . . 0i 2 ,n is not complete. We apply the super 
Taylor expansion [Eq. (32)] to the integral 

^ I dZ 1 9 12 , 1 . . . 12 ,J(Z 1 )Z u n - 1 , (35) 

Jc 2 

where we expand f(Z\) about Z 2 . The only contributions can arise from the term leading to a 
complete product of #12,1 • . . 0i2,N- Hence, for each 9± 2 j missing in Eq. (35) we introduce a deriva- 
tive D 2 j acting on f(Z 2 ). Finally, we use the usual Cauchy formulae for contour integrals in the 
complex plane to obtain d™ 2 f(Z 2 ). ■ 



6 Superconformal field theory 

So far, we have defined the underlying geometry of the quantum field theory which we want to 
construct. The theory is meant to be superconformally invariant. Hence, we have a chiral stress- 
energy tensor T(Z) generating the local symmetry group of superconformal transformations. The 
main objects in a conformal field theory are the primary fields; fields which play the role of the 
tensors. This means that they form conformally invariant differential forms. Exactly in the same 
way we define the (uncharged) superprimary fields. 

Definition 6. A Uncharged superprimary fields 

Fields &h(Z) defined on a superconformal manifold Sn transforming under a superconformal trans- 
formation Z h^ Z as 

$ h (Z) = <i> h (Z)(detD9) N , (36) 

are called (uncharged) superprimary fields. The complex number h is called the (super) conformal 

N 

weight of$h(Z). This definition is chosen in such a way that the differential form [$/j(Z)]2hdZ is 
invariant. 

We perform an infinitesimal superconformal transformation z ^ z = z + 5z and Oi i— ► Q% = 
6i + 86i for i = 1,. . . ,N. We define 8$ h {Z) by $ h (Z) = § h (Z) + S$ h . Hence using Eq. (36) 
we obtain 5$ h = <$> h (Z) - <S> h (Z)(detD0)^r . Since (detD6) 2 = detD6(D6) T we calculate the 
variation 6D defined as D9(D9) = 11 + SD. For the trivial variation we have 5D = 0. Hence the 
variation of the determinant can be found as 5{detD9) 2 = tr (5D). For the i-th diagonal element 
{D] i 9u\){D^9u\) we obtain a variation of 2Du\89u\. Thus 5(detD9) 2 = 2Di59i. We use the Taylor 
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expansion (32) in order to calculate the variation of <&h(Z) = ^(.Z) + 59iDi&h(Z) + v(Z)d z §h(Z) 
up to first order. Here v(Z) = 5z + 9{59i is the infinitesimal version of the differential k. Taking 
these results together we reach 5§h = [59iDi + u(Z)d z + jj(Di59i)]&h(Z). Finally, we want to 
write the variations 59i in terms of derivatives, for which we use the definition of superconformal 
transformations (12). Neglecting higher order terms in DjZ = 6iDj9i leads to 50 i = Dj5z — 8iDj59i 
for i = 1, . . . , TV. We replace then Sz by v(Z): 59 j = \Djv(Z) and Dj59j = - 2 -d z v(Z). We can thus 
give the infinitesimal transformation of ^(Z) under infinitesimal superconformal transformations: 

Theorem 6.B Under an infinitesimal superconformal transformation z h^ z = z + Sz , Oi ^ 0{ = 
Oi + 50 i , the change of an (uncharged) superprimary field is given by 

5$ h (Z) = l -{D 3 u{Z))D^ h (Z) + v{Z)d z ^ h {Z) + h{d z u(Z))^h{Z) , (37) 

where v(Z) is the infinitesimal version of k: v(Z) = 5z + 9i59i and it corresponds to the superdif- 
ference: z — z — 9^9,1 = v(Z). 

The field theory we constructed so far contains the stress-energy tensor, the superprimary fields 
and all the descendant fields obtained from the superprimary fields by applying superconformal 
transformations, that is acting with modes of T(Z) on them. Altogether this forms the closed set 
$iV of fields contained in the theory. The radial quantisation procedure defines the meromorphic 
function <f>\ (Zi)(f) 2 (Z 2 ) of two fields in 4>jv, which is meant to be understood inside correlation 
functions such as (0| (f>i(Zi)cf) 2 (Z 2 ) |0) for time-ordered points Z\ and Z 2 : \z\\ > \z 2 \ ■ For 
I -22 I > \ z i\ we define <f>\{Z\) 02 (Z 2 ) to be its analytic continuation. (f>i(Zi)(f) 2 (Z 2 ) is called the 
operator product of <f>\(Z\) and <f> 2 {Z 2 ). In these terms integrals over equal time commutators 
become contour integrals which we extended to supercontour integrals. 

We assumed that the superprimary fields and its descendants form the complete set of fields 
$iv for the theory. Hence, the function §h 1 (Zi)&h 2 (Z2) can be expanded about the superpoint 
Zj where the expansion coefficients are superprimary fields or descendants of superprimary fields. 
This expansion is called the operator product expansion (OPE) of the fields ^^(Zi) and ^^2(^2)- 

In a radially quantised theory the time-ordered Euclidean symmetry generator generating 
the infinitesimal transformation z h^ z + 5z and 9{ i— ► 0\ + 56i becomes the contour integral 
2^ § dZ u(Z)T(Z). Here we have chosen T(Z) in such a way that -^- i §dZ T(Z) generates the 
infinitesimal change of z and correspondingly ^k § dZ 9{F(Z) of 6i. We use the infinitesimal 
transformation (37) of the superprimary field <&h(Z) with conformal weight h in order to determine 
the singular terms of the OPE T(Zi)^f l (Z2)'- 

5 v <S> h (W) = ^-j> dZv(Z)T(Z)$ h (W) (38) 

h N 1 A"^ N 

=* T(Z l )^ h (Z 2 ) = -^$> h (Z 2 ) + --l*iD 2 j$ h (Z 2 ) + ^d Z2 ^ h {Z 2 ) + ... (reg) , (39) 

Z 12 Z Zj\ 2 Zj\ 2 

' K Y2 = e ^12,1 ■ ■ ■ #12,iV , ^12,j = e (~ 1) ~ 3 ®\2,\ • • -^12,j • • • #12,7V • 

Here . . . (reg) indicates non-singular terms. 
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We can determine most of the singular terms of the operator product T(Zi)T(Z 2 ) by perform- 
ing two successive superconformal transformations 5 U2 5 Ul &h and evaluating the double supercontour 
integral in two different ways using contour deformation. However, the singular terms are fixed 

except for a term of the form A _ N ; and this is the only degree of freedom we can find. This term is 

12 
called the central extension term. It does not contribute towards the infinitesimal change of $>h{W) 

and may therefore be contained in the quantum field theory: 

T{Z l )T(Z 2 ) = -^ + ^T(Z 2 ) + ^ %3 T{Z 2 ) + ^d Z2 T(Z 2 ) + ... (reg) . (40) 

Z 12 * A Y2 l Z 12 Z 12 

It is worth remarking that Eq. (40) does not allow a central extension for theories with N > 4 
because the central extension term does not belong to a singularity any more and hence will not 
contribute to the commutation relations of the modes as we shall see. For < N < 3 we set 
C = e W C which will lead us to the central term of the Virasoro algebra. 

We have now defined the main objects in a superconformal field theory. In order to look at 
the space of states of the physical model we expand T{Z) in its modes. Therefore we take the 
sequences (i±, . . . , ii) where ij £ {1, . . . , N} and define the operators: 

J i a 1 - il {Z 2 ) = ±-.f dZ 1 1 2,i 1 ...e 12 ,i I zS 1 -*T(Z 1 ) . (41) 

The index a is chosen out of Z if I is even in which case J^ 1 '"' ' lI (Z 2 ) is classified as even or otherwise a 
is taken out of Zi and J* 1 ''"' 11 (Z 2 ) is qualified as odd. J* 1 ''"'* 7 (Z 2 ) is trivial if (ii, . . . , ij) contains the 

2 

same number twice. Moreover if (i' 1; . . . , i' T ) is a reordering of (ii, . . . , ii), then the corresponding 
operators differ at most by a sign factor. The mode J^ 1, '" , ' lI (Z 2 ) corresponds to the expansion 

term e JV ei 1) ...,i /i (j 1 ),...,(j Ar _ / )^i2,(ji) • • • ®12,(jn-i)Zi 2 OI " T{Z\) where the jVs are taken from the 

complement of (ii, ■ ■ ■ ,ii) in the sense of a set. Eq. (39) allows us to derive the commutation 
relations of the modes. It is common practice to consider the symmetry algebra generators taken 
at the origin. This is not a constraint since we can shift the generators to any other point by 
superconformal conjugation. Nevertheless, the commutation relations do not depend on the chosen 
base point. Instead of J* lv "'* 7 (0) we shall just write J* lv "' J/ unless we explicitly want to base the 
generator on a different point than the origin in which case we write J'£ , — ,lI (Z). Standard contour 
deformation techniques result in 



i J " "- J i J 'k = 1 2^1 isr*** •■■'""• 



i f, i i j 



02o, jl ...02o, jJ Z a 1 o 1 ^20 +1 'T(Z 1 )T(Z 2 ) . (42) 

Performing" 1 the supercontour integrals produces the following result": 

[Ji 1 '™' il ,4 1 '™' JJ ]s = (-l) N(I+J) Hl - J -)- 6(1 - 1)] J^^,-,jj 

p=lq=l 
T^ d (h) ( JT ) d a+bfi{- 1 ) 2 Hil),-,(ii) e Ul),..,Uj) d N 



+ 



~12 °Ui),-,(Jjf a+b < 0{ ~ L) e (<i),-,(<7) e 0"i).-.Cjj)°JV 



'This calculation is straightforward but not trivial. For the case of A^ = 2 see for instance Ref. 10. 
■"By convention we moved T(Z 1 )T(Z 2 ) to the right of the integral. 
"The falling product (x)— is defined as x(x — 1) . . . (x — n + 1) for neN and (x)- = 1. 
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where 8fj = 1 if N € S or otherwise 5fj = and <$'•*' '" ,% ? = 1 if (i±, . . . ,ii) and (ji, . . . ,jj) are the 

same up to reordering or otherwise S 1 ^''"' 1 ? = 0. For the generators J m with / = we easily obtain 
the commutation relations 

[Jm, Jn] = (m- n)J m +n + 7^( m3 ~ m)5 m+n ,oS { N ' ' ■ (44) 

Hence p we find the Virasoro algebra as a subalgebra of the symmetry algebra generated by the 
modes (41). This algebra is called the Neveu-Schwarz superconformal algebra with parameter N 
which mathematicians denote by K N . As expected Eq. (16) is a representation 9 of K N with (7 = 0. 
In the following two sections we give the results for N = 1 and N = 2 explicitly. We have derived 
the algebras K N by using superfield formalism. Independently to this approach one could try to find 
superconformal extensions of the Virasoro algebra just on Lie superalgebra level. This could be 
done without constructing the underlying superconformal geometry in terms of extended differential 
manifolds. The geometry would then be defined thanks to the generators. 

To conclude this section we calculate the commutators of K N generators with (uncharged) superpri- 
mary fields: 

[j^'(z )^ h (z 2 )} = I ^-9 w , il ...e w , il z^ 1 - l2 T(z 1 )^ h (z 2 ) . 

Jc 2 2m 

We use Eq. (39) to evaluate the contour integrals. Hence we can write the commutator as a 
differential operator acting on the superprimary field: 

Theorem 6.C The commutator of the algebra generator J* lv "' J/ (Zo) with the superprimary field 
&h(Z2) can be written as 

LC-^(Zo), fc h (Z 2 )] = (-1)^ [h(a + 1 - ^)0 2O ,n . • • 02Q,i z z£* + e ^M ■ ■ ■ #20,*Xo +1 ~^ 22 

( ~ ' ) . £(-1)^20* . . . 6 w , lp . . . e 2 o, il Z^ 1 ~ i D 2 , ip (45) 



2 P =i 
(q + l-|)(-r/ 

H ~ ^20,41 • • • fc, 20,j/ t '20,jr^20 U 1,3 



$h(Z 2 



2 
In particular we obtain for the Virasoro generators L m = J m : 

[L m ,$ h (Z)\ = [h(m + l)z m + z m d z + ^m + l)e j z m d ej ]<S> h (Z) . (46) 

7 N — 1 Superconformal theories 

The simplest superconformal extensions of conformal field theories are the N = 1 superconformal 
field theories 23 . The embedding structure of the corresponding highest weight representations has 
been analysed by Astashkevich 3 . Their superconformal structure is not large enough to show 

°If (ii, . . . , ii) is the empty set we define £0 = 1. However, eq, should not be confused with e^. 
p Note that C commutes with all generators J* 1 ''"'". 

g We still have to scale the generators with factors of the complex unit i in order to obtain the notation 
of Eq.(16). 
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significant differences to the representation theory of the Virasoro algebra. This makes the study 
of N = 1 superconformal representation theory not very spectacular. Maybe this is the reason why 
the same was suspected for the representation theory of superconformal theories with bigger iV and 
hence literature did not treat the N = 2 representation theory as one could wish. However, we 
showed in reference 16 why especially N = 2 representations are much more appealing and their 
structures much different than already discussed by other authors 14 ' 39 . Besides and as an exercise 
we want to use the definitions from the previous sections to define explicitly N = 1 superconformal 
theories. We define a quantum field theory containing a chiral stress-energy tensor T(Z), which 
generates the local N = 1 superconformal transformations, and we have superprimary fields &h(Z) 
which have in our quantisation scheme according to Eq. (39) an operator product expansion with 
the stress-energy tensor of the form 

hO 11 f) 

T{Z 1 )^ h {Z 2 ) = —^<S> h (Z 2 ) + -—D 2 $> h {Z 2 ) + ^d z ^ h {Z 2 ) + ...{reg) . (47) 

J 12 



Z 12 ^^12 ^12 



We obtain the symmetry algebra of the theory by expanding the stress-energy tensor: 

T(Z 1 ) = 12 ]T Z u m - 2 L m (Z 2 ) + ]T Zu~*G r (Z 2 ) , (48) 



2" 



L m (Z 2 ) = J m (Z 2 ) = j ^lzr 2 +1 T(Z 1 ) , 

G r {Z 2 ) = Jl(Z 2 ) = I < ^l9 12 Z[^T{Z l ) , (49) 



azi 

dZi 

fc 2 2iri 

where C 2 is a N = 1 supercontour about Z 2 . Finally we need to know the operator product of T(Z) 
with itself. According to Eq. (40) we obtain: 

T(Z 1 )T(Z 2 ) = ^- + ^T(Z2) + ~D 2 T(Z 2 ) + ^d Z2 T(Z 2 ) + ...(reg) . (50) 

This enables us to derive the commutators of the symmetry algebra generators [Eqs. (49)] using 
Eq. (50) and standard contour deformation methods. The well-known result contains the Virasoro 
algebra and the generators of one anticommuting field: 

Definition 7. A The N = 1 Neveu-Schwarz superconformal algebra Ki has the following commuta- 
tion relations: 

C o 

[L m , L n \ = (m- n)L m+n + —(m - m)6 m +n,o , 

m 

[L m ,G r \ = (— — r)G m -\- r , (51) 



{G r ,G s } — 2L r+s + —(r — -)5 r+s fl , 



-(r 2 - - 
3 V ! 

[L m ,C] = [G r ,C] = , 



where m,n £ Z and r, s € Zi . 

2 

We have found the algebra (51) by using superfield formalism. As mentioned earlier there may be 
other super extensions of the Virasoro algebra. In the case of N = 1 algebras one finds another 
N = 1 superconformal algebra. The only difference to (51) is that the operators G r have integer 
indices rather than half integer indices. This algebra is commonly called the N = 1 Ramond algebra. 



Neveu-Schwarz superconformal fields and uncharged superconformal transformations 17 

8 N = 2 Superconformal theories 

The algebra of chiral superconformal transformations in N = 2 superconformal space 13 is generated 
by the super stress-energy tensor T(Zi), where Z\ denotes a superpoint (^1,^1,1,^1,2) and 1)2,1 the 

super derivative -^ \- 62,1 j^~- Superconformal invariance of the theory determines the singular 

part of the operator product ofT(Z) with itself, according to (40). In this case the central non-fixed 
term is of the form ^- : 

Z 12 

Y1Z\ 2 \ Z\ 2 2Z 12 Z 12 V V ' 

+ • • • (reg) . (52) 

Eq. (52) agrees with the result for the OPE derived by Blumenhagen 10 . Expanding T(Z) in its 
modes allows us to find the symmetry algebra generators 7 ': 

T(Z 1 



(53) 



— —#12,1012,2 / J Z l2 n ' 


1 3 

L m (^2) — - 2_^ Z l2 2 9\ 2)2 G r (Z 2 

3 




m&L 


1 

+ 2 


v-^ — r— 2 

2J ^12 2 ^12,1 


G 2 r (Z 2 ) ~ ^ J2 Z l2 m ' 1 Tm(Z2) , 


reZi 
2 


L m (Z 2 ) 


= Jm{Z 2 ) = 


£S z ^t (Zi ), 


G\{Z 2 ) 


= 2Jl(Z 2 ) = 


2 £§^ z -" T(Zi) • 


T m (Z 2 ) 


= 2iJ%(Z 2 ) = 


-a / ^fc,,fc, 2 zET(Zi) . 



(54) 



lc 2 2m 
If we use complex coordinates for the odd generators 

6 ± = l=(9 1 ±i9 2 ) , (55) 

G ± = -^(^i.G 2 ) , (56) 

D± = T2 {Dl±W2) = ^ + e± ^> (57) 

we find for the symmetry algebra K 2 a decomposition in the Virasoro algebra, two anticommuting 
fields, and a U(l) Kac-Moody algebra with the commutation relations 

C 3 

[L m , L n ] = (m- n)L m+n + — (m - m) 5 m+ri:0 , 



[Lrni G r \ — (-m — r)G m+r , 



r As mentioned earlier L m (0) is denoted by L m and respectively T m (0) by T m etc. 
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[J-'mi -'raj 


= 


Tl-Lm+n i 




[J-mi r n \ 


= 


-Cm5 m + n fi , 




[-L mi (-*r \ 


= 


+r v± 

- L - K - r m-\-r j 




G r ,G S } 


= 


2L r+s + (r - s)T r+s + -(r 2 - 


T)^r+s,0 


[L m , C\ 


= 


[T m ,C] = [Gt,C] = , 




G r ,G S } 


= 


{G~ ,G~} = 0, m,neZ; 


r, s 6 Zi 



(58) 



Eq. (39) gives us the singular terms of the operator product of T{Z\) and superprimary fields 
&h(Z). It turns out, that with respect to the adjoint representation, $^ has the To eigenvalue 0. 
This restricts the highest weight representations of (58) as we want Tq in the Cartan subalgebra 
of K 2 . We can extend the theory by introducing charged superprimary fields &h,q(Z). The action 
of superconformal transformations on $/j >q (Z) is altered by a term -^— in the operator product 
expansion of T(Z\)^f l AZ?). This corresponds to a standard U(l) charge term s . 

Definition 8. A We define the charged superprimary fields on the superconformal space S2 by the 
operator product expansion 



T{Z x )$ Kq {Z 2 ) 



h9i2,l9i2,2^ 1 r, \ , 1 #12,2-^2,1 — 012,1-02,2 ^. , . 
^2 <P h,q{Z2) + 77 ~ ®h,qK Z V 

Zj-ir, L /j] 



J V2 

?12,1#12,2 
•Zl2 



dz2®h, q (Z 2 ) 



2Z 



'12 



-iQhJZ- 



12 



h,q{^2) 



(59) 



We call h the conformal weight of &h,q o-nd q its conformal charge, corresponding to the scaling 
dimensions of Lq and Tq transformations respectively. 

Using EQS. (54) and performing the contour integrals we find the infinitesimal transformations for 
all generators: 



[L m ,$ h JZ)} 



[G?,* h , q (Z)] 



[T m ,$ h)9 (Z)] 



h(m + \)z m + -{m + l)z m {6 + D- + 9~D + ) + z m+1 d z 



+le + e- 



„m—l 



m(m + 1" 



®hJZ) , 



1. 



±„r- 



2h(r + -)6 ± z 



1. 



Z r+ 2D ± ± e + e-(r + -)z r ~sD ± 

v 2 J 



+2e ± z r+ h z ± q e ± z r - 1 Hr + 1)} ®h, q {Z) , 



2h6 + 0-mz m - 1 + 



D + -6 + D-) + 26 



j+fl-^TO 



z m d ? 



(60) 



+qz'' 



®h, q {Z) 



Once more, we note that the N = 2 superconformal algebra K2 which we consider is known as the 
N = 2 Neveu-Schwarz or antiperiodic algebra. Reference 47 has shown that it is isomorphic to the 
N = 2 Ramond or periodic algebra what makes a separate discussion redundant. 

s This term was not included in Eq. (39) since the number of charges increases with TV. 
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We can write K 2 in a triangular decomposition* such that H.2 contains the energy operator Lq: 
K2 = K2~ © TC2 © K2 + , where TC2 = span{Lo,7o, C} is the grading preserving Cartan subalgebra, 
and 

K 2 ± = span{L ± „,T ±n ,G^ r ,G± r : n € N,r G Ni}. 

A simultaneous eigenvector |/i, q, c) of W2 with Lq, Tq and C eigenvalues h, q and c respectively 
and vanishing K 2 + action, K2 + \h, q, c) = 0, is called a highest weight vector. It is easy to see that a 
primary field <&h,q generates a highest weight vector \h,q,c) on the vacuum: \h,q,c) = 3>/j )(? (0) |0) c . 
|0) c denotes the vacuum with fixed central extension C|0) c = c|0) c . The Verma module Vh,q, c is 
defined as the K 2 left-module U(K 2 ) ©^ 2 ©k 2 + I' 1 ' 9> c )' where U(K 2 ) denotes the universal enveloping 
algebra of K 2 . 

The representation theory of the N = 2 Neveu-Schwarz algebra contains many surprising 
features which have not appeared in any other conformal field theory so far. Singular vectors can be 
degenerated 16 , embedded modules may not be complete and subsingular vectors can appear 28 ' 29 ' 18 , 
rousing the curiosity about what one has to deal with for even higher N. 

9 Transformation of primary fields 

As an application of the formalism developed above we compute the global transformation rules for 
(uncharged) primary fields under transformations generated by the algebra generators. Restricted 
to the Virasoro case our results represent the inverse problem of the transformation formula found 
by Gaberdiel 26 . There the author derived for the Virasoro case the algebra element that belongs 
to a given holomorphic coordinate transformation, whilst we are interested in the holomorphic 
coordinate transformation corresponding to the given algebra generators. Furthermore, in our 
superfield framework we can very easily obtain transformation rules also for all the superconformal 
cases as we shall demonstrate in some specific examples. 

The only globally defined conformal transformations on the Riemann sphere are the Mobius 
transformations. They are generated 30 by L_ 1, Lq and L\. L_i and Lq respectively correspond to 
translations and to scaling transformations on the Riemann surface": 

e XL -^ h (z)e- XL -i = <S> h (z + \) , 

\ Lo <5> h (z)\- L » = \ h <S> h (\z) . (61) 

\L\ corresponds to the coordinate transformation z h^ * . Since the central extension does 
not contribute towards the infinitesimal change of <&h, we can obtain the transformation rules by 
using the action of the de Witt algebra, which forms a representation of the Virasoro algebra with 
C = 0. In this section we want to find general transformation formulae for the primary fields 
under transformations generated by the Virasoro generators. We shall then extend this result to 
the N = 1 and N = 2 superconformal algebra. The extension to superconformal algebras with 
N > 3 follows the same rules as we shall see. 



'There are in fact triangular decompositions having a four-dimensional space H.2- However, these decom- 
positions are not consistent with our Z2 grading. 

"Note that this is after mapping the system from the cylinder to the complex plane for radial quantisation. 



Neveu-Schwarz superconformal fields and uncharged superconformal transformations 



20 



9.1 Primary fields in the Virasoro case 

The action of the Mobius generators L_i,Lo and L\ on a primary field &h( z ) is well-known in 
conformal field theory 30 . In a first step we generalise these results to the Virasoro generators L n : 



z XLn $ h {z)e~ 



XL n 



We use the identity^ 



e A Be~ A = *E±[A,B]j , 



to rewrite Eq. (62): 



e XLn ® h (z)e~ XLn 



j=o- 



00 X J ' 
Y,—[L n ,<f> h {z)} 3 

3=0 J - 



Substituting Eq. (8) in the successive commutator of Eq. (64) leads us to: 



e^ n $ h (z)e 



-XL r , 



X-i 



"£-[z n+1 d z + h(n + l)z n ] j $ h (z) 



3=0 



r- 



\[z^d z +h{n+l)z™\ $f z \ 



(62) 



(63) 



(64) 



(65) 



Before we continue, we prove the following differential operator identity which will constitute to be 
the main tool for the rest of this section: 



Theorem 9. A 



,X[z n + 1 d z +h(n+l)z n ] 



d(e 



\w n+1 d v 



w 



dw 

\d w w n+1 



-\h 



\z" +1 d z 



h Xz n+1 d z 



(66) 



Proof: To prove the first part™ of Eq. (66) it is sufficient to show it by acting on the monomials 
z m for any positive integer m. By straightforward calculation we obtain the following identities for 
integer n^O: 



e Xzn+la *z 



\d z z n+1 



(l-n\z n )- 
1 

, n+l 

{l-n\z n ) — 



(67) 
(68) 



For n = we have the identities: 



e Xz9 *z 



„\d z z 



e x z 



(69) 
(70) 



^Successive commutators are defined as [A, B]i = [A, [A, -B]i_i] and j\A, B] = \i_-A\A, B], B] with [A, B]q 
B and [A,B] = A. 

w We are grateful to Adrian Kent for this proof. 
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Using Eq. (68) and acting on the monomial z m with the first of the Eqs. (66) leads to: 
22 —z m+jn [m + h(n + l)][m + h(n + 1) + n] . . . [m + h(n + 1) + (j - l)n] 



3=0 J 



1 ™X> 

(1 - n\z n )^ h pd 3 



— Y^ -rz m+jn m[m + n]...[m+ (j - l)n] . 



We expand both sides in power series in A about and compare the coefficients. We thus compare 



on both sides for any positive integer q. The left-hand side turns into x : 



the derivatives -^ 

z m+qn [m + h(n + 1)] [m + h(n + 1) + n] . . . [m + h{n + 1) + (q - l)n] . 
In order to take the derivative of the right-hand side we use the differentiation rule: 
q 



dxi M»B(\) 



« / q \ f d r A(X) \ ( di- r B(\) \ 

h v r A dxr A dxq ~ r J 



Hence, we obtain for the right-hand side: 

J2 I q j z m+qn h(n + l)[h{n + 1) + n] . . . [h(n + 1) + (r - l)n] 

m[m + n] . . . [m + (q — r — l)n] . 
Therefore, we only need to prove the following identity: 

[m + h(n + l)][m + h(n + 1) + 1] . . . [m + h(n + l) + (q- l)ra] 

= £ ( 9 ) ™\m + n\... [m + (q-r- l)n][h(n+ 1)] ... [h(n+ 1) + (r - l)n]. (71) 



r=0 



We show Eq. (71) by induction on (7: Eq. (71) is obviously valid for q = 1. We assume (71) is true 
for g and we show that it is true for q + 1: 



[m + /i(n + 1)] . . . [m + h(n + 1) + qn] 
q 

r 



^2 I q \m...[m+(q-r- l)n] [/i(n + !)]•■■ [fe(n + 1) + (r - l)n] 



r=0 



[m + /i(n + 1) + gn] 

= ^( g j m . . . [m + (q - r - l)n] [/i(n + !)]••• [/i(n + 1) + (r - l)n] 



. r 
r=0 \ 



[h(n + 1) + rn + m + {q — r)n] 
9+1 



22 \ m. . .[m+ (q — r)m] [h(n + 1)] . . . [h{n + 1) + (r — l)n] 



x For g = the expression should be z r ' 
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+E 

r=0 

9+1 

= E 

r=0 L 



9+1 



m . . . [m + (q — r)m][h(n + 1)] . . . [h(n + 1) + (r — l)n] 



E 

r=0 



r — 1 



+ 1 



+ 



m . . . [m + (<? — r)m] [h(n + 1)] . . . [h(n + 1) + (r — l)n] 



m . . . [m. + (g — r)m] [h(n + 1)] . . . [h(n + 1) + (r — l)n] . 



This completes the induction. The second equality of identity (66) follows from 



D \d w w n+1 



oo 3 



em (*"+!) 



y 2n _ 9(e ; 



„«+!/ 



'«,') 



j=0 fc=0 



We have herewith completed the proof of theorem 9. A. 



(72) 



e Xzn+ld ^ h {z) . 



(73) 



Hence Eq. (62) simplifies to 27 : 

e XLn $ h (z) e- XL " = ( e xdwwn+l 
We can provide the final step with the following theorem: 
Theorem 9.B Let A z be a linear differential operator acting on z, then 

e Az f(z) = f{e Aw w ) 

w=z 

for any function f(z) which can be expanded in a power series. 

Proof: It is sufficient to show the theorem for functions f{z) = z m for any m G No- Since A z is a 
linear differential operator, we find: 



A"z r - 



E 



n\ 



ni+n 2 +...+n m =n 



mi...n r 



;(A^w\ w=z )...(A^w\ w=z ) 



e A Zz m 



y —A n z z m = y 



n>0 



ni,...,n r . 



ni\...n m \ 



(A n Jw\ w=z )...(A n u rw\ w=z ) = (e A -w ) 



^\d w w n + 1 



$h(e 



^\w n+1 d n 



Using theorem 9.B we obtain for Eq. (62): 

e XL " $ h (z) e~ XL - = Y,T=Ojh.i XL n^h(z)]j = [e' 
The main result of this subsection is now at hand after applying Eqs. (67)-(70): 
Theorem 9.C A primary field &h( z ) transforms for n G Z according to 



a- 



l ®h(z)e' 



(l—n\z n ) n 



— FTT $h 



(l—n\z n ) n 



n + b , 



e XL °^ h (z)e" XL ° = e Xh <£> h (e 



«Note that e 



iXdv.w 71 * 1 



*e 



h\d m w n+1 



(74) 
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9.2 Superprimary fields in the N — 1 case 

The previous section has to be slightly altered in order to apply theorem 9.C for Ki. The operator 
product of the stress-energy tensor with superprimary fields leads to the following commutation 
relations where the superprimary fields are taken at the superpoint Z = (z, 9): 



1 



[L n , $ h (z, 6)] = [z n+i d z + - (n + l)z n 9d e + h{n + \)z n j $ h (z, 9) , n G Z , 

[G r ,Q h {z,B)\ = (z r+1 H^d e -ed z )-h(r + ^)ez r -^$ h (z,9) , r € Zi . 
In exactly the same manner as in the Virasoro case we can find: 



(75) 



If we then split &h(z,9) into even and odd parts <&h(z,d) = fh(z) + 9iph(z) and act on the two 
parts separately we notice that both cases come back to Eq. (66). 



3 A( 2 "+ 1 & + i 2 "(n+l)ea e +/ l (n+l)2 n ) f z \ 



X(z n+1 d z +h(n+l)z n ) 



Vh{z) 



e \(z n+1 d z + \z n {n+l)ed e +h(n+l)z n ) 

By using theorem 9. A we thus obtain: 



0Mz) 



X{z n + 1 d z + {h+\){n+l)z n ) 



^h(z) 



D X(z n + 1 d z + ±z n (n+l)8d +h(n+l)z n ) 



Vh{z) 



e \{z^d z + \z™(n+l)edo+h(n+l)z n ) e ^ h ^ = 

Taking both results together leads to 

e XLn $ h (z,9)e- XL " = (e xd ™ wn+1 )*$/»( 



^Xd w w n+1 



,Xd w w n+1 



<Ph e 



Xw n+1 d n 



If 



h+\ 



iph e 



w 



,A<9 M 



„n+l 



If 



V w=zJ J 



(76) 



Using Eqs. (67)-(70) we obtain the transformation rules for the even generators. 
Theorem 9.D In the even sector the transformation rules are (n G "L): 



e XL ^ h (z,0)e 



-XL n 



-XL 



1 



Cl - n\z n ) 



Xhrf. ( X 



-TT^h 



Xl-n\z n )~ (l-n\z n ) — 



- , n^O 



e AL °<S> h {z,9)e- XL ° = e xn <f> h (e x z,e 



For the odd sector the calculation is less spectacular since the Taylor expansion comes to an end 
after the very first order. 

Theorem 9.E In the odd sector the transformation rules are (r G ZiJ: 



e e ^$ h (z,9)e- 



1, 



[1 _ e9 ( r + -)z r -2]^ h z - ez r+ 29, 9 + -ez 



where e is an anticommuting quantity. 

We point out the fact that both results are consistent with the definition of superprimary fields 
[Eq.(36)]. 
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9.3 Superprimary fields in the N = 2 case 

Thanks to the complex coordinates (55)-(57) we can write the charged superprimary fields in the 

N = 2 case as $h,q(z, 9 + ,®~) = ^m( z ) + ^ + ^h,q( z ) + ^~^hA z ) + Q + Q~Xh,q(z)- As in the previous 
subsection the commutators of K2 elements with superprimary fields can be written as differential 
operators acting on the superprimary fields. These relations are given in the Eqs. (60). We then try 
to find the action of the exponential of these differential operators on the fields (p^^z), 9 + ip^ o( z )' 
0~iph a (z) and Xh,q( z )- Once again theorem 9. A is the main tool in our calculation. After analysing 
all possible cases we obtain: 



e XL ^ h>q (z,e + ,e-) e - XL " 



/-, * , n + 1 

(1 -n\z n ) — 



h+ me±£_ 



_ / z 9+ e~ \ . . 

* /i . < ? \~, ; — n"'T ^+1"': ~^+r > ( 77 ) 

\{l-n\z n )- (l-n\z n )— (l-n\z n )—J 
e XL »1> htq (z,9+,9~)e- XL ° = e Xh ^ q (e x z, eh+ , e^ 6') , (78) 

1 



e eG *$ h , q (z,9 + ,e-)e- eG >- 



[l-e9+{r + \)z r ' 1 2] 2 ^ h+q 2) 



: __ i> - ez r+ 2 



*M : tttz x,0V — 7-—1 > ( 79 ) 



l-V-T- 



.l-e0+z r -5 i_ e 6/+( r + A)z 

e eG -^ ft)g (z^ + ,e-)e" eG -i = $ h) ,(* + e0+ 0+,0--e) , (80) 



e eG ''$ hi(? (z,0 + ,0")e- eG - 



1 



[l-e9-(r + 1)^-3] 



iW-3l 2 C»-§) 



2 
*m( ^— n g+ " C C' " *") » ( 81 > 

e eG -^, 9 (z,0 + ,0-)e" eG -^ = *h, g (« + er,e + -€,0-) , (82) 

e x ^ h , q (z,9\9-)e- XT - = ^" (1 _ J^^ M^^^-) , (83) 

where m G Z, n G Z\{0} and r G Zi\{— ^}. It is easy to check that for q = we obtain a 
transformation according to the definition of (uncharged) superprimary fields [Eq. (36)] where the 
transformed super Jakobi determinant takes the form 

™ ( D+9- D+9+ \ , OA . 

m = { D-9- D-9+ ) ■ ^ 

9.4 Uncharged superprimary fields 

Similarly to the previous subsections the commutator (45) allows us to investigate the transforma- 
tion properties of uncharged superprimary fields for any parameter N. The problem comes down 
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to the evaluation of the action of the differential operator 

T iu-,ii = (-i)Ni{h(a + l-l)9 il ...9 il * a -z+0 il ...e il z a + 1 -*d Za 

{ - ])I J2(-iye il ...e ip ...e il z a+1 - L *de ip (85) 



2 p=i 



h ...e lI e j z a 'h ej } 



on the superprimary field &h(Z). The most interesting cases are the Virasoro generators L m = J m 
and the generators Gy = Jf?. Again theorem 9. A is the main device: 

e XL ^ h (z,e 1 ,...,e N ) e - XL - = 

1 = / z 6\ On \ ,„„, 



(1 -nAz n )— ft v (l-nAz n )« (l-nAz n )^r (l-nAz n )~ 

e AL( '^(z^ 1 ,...,^)e- AL ° = e Ah $ h (e Ah *,e*0i,...,eW) , n G Z\{0} , (87) 

e eG ** h (^0i,...,Me- eGj! = (l + (-l) N e6 k (r+ l -y-^ h 

$ h ( z+ (-l) N ee k z r+ z,9 1 - { -^ee k e 1 (r + -)z r -z,..., 

j e/+l,...,ff JV -Li-^( r+ )^- 5 ] j reZi . (88) 



2 ' 2 2' / ' 2 

In particular G_i is the supertranslation in Q k direction: 

2 

eG k ~eG k ( ( — 1) N \ 

e -H h {z,O u ...,0 N )e "* = ^(^,^,...,^-^-€,...,^1 , (89) 

and L_i translates in z direction: 

e XL -^ h (z,e 1 ,...,6 N )e- XL -i = <S> h (z + \,8 1 ,...,9 N ) . (90) 

10 Conclusions and Prospects 

We presented a superfield framework based on superconformal manifolds to derive all superconfor- 
mal Neveu-Schwarz theories. This enabled us to derive the most general OPE for the stress-energy 
tensor with itself and with (uncharged) primary fields for any N. The resulting commutation rela- 
tions agree for the classical case (7 = with the commutation relations of superderivatives on the 
space of differential forms over a superconformal manifold leaving the differential form k invariant. 
This is the exact analogue to the de Witt algebra being a representation of the Virasoro algebra 
for the classical case C = 0. The general expressions given for the generators of the Neveu-Schwarz 
TV algebra and their commutators can be extremely helpful in many applications of conformal field 
theory. As an example we computed the transformation properties of (uncharged) primary fields 
under superconformal transformations generated by algebra generators. 
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The representation theories of Neveu-Schwarz algebras are known for the Virasoro case N = 
and for N = 1. However, already for N = 2 one finds new structures like degenerated singular 
vectors 15, 16 > 29 and subsingular vectors 28 ' 29 ' 18 . Besides, the embedding structure of singular vectors 
of the N = 2 Neveu-Schwarz algebra is only known up to subsingular vectors 17 . The derivation of 
the Neveu-Schwarz algebras presented in this paper is valid for arbitrary N and therefore serves as 
a framework for the study of the representation theory of superconformal field theories for any N. 
This, however, first requires that the charged primary fields for arbitrary N would be defined. 

Finally, we will present in a forthcoming publication 19 how to derive the Ramond supercon- 
formal field theories using a similar super field formalism. 

Acknowledgements 

I am very grateful to Adrian Kent for numerous illuminating discussions and to Victor Kac for 
many important comments. I would like to thank Matthias Gaberdiel and Gerard Watts for 
various helpful remarks. Special thanks go to my wife Valerie for her support in many linguistic 
matters. This work was supported by a DAAD fellowship, by SERC and in part by NSF grant 
PHY-92-18167. 

References 

[1] M. Ademollo, L. Brink, A. dAdda, R. dAuria, E. Napolitano, S. Sciuto, E. del Giudice, P. 
di Vecchia, S. Ferrara, F. Gliozzi, R. Musto and R. Pettorino: Supersymmetric strings and 
colour confinement. Phys. Lett. B62 (1976) 105; 

M. Ademollo, L. Brink, A. dAdda, R. dAuria, E. Napolitano, S. Sciuto, E. del Giudice, P. 
di Vecchia, S. Ferrara, F. Gliozzi, R. Musto, R. Pettorino and J.H. Schwarz: Dual string with 
U(l) colour symmetry. Nucl. Phys. Bill (1976) 77 

[2] G.E. Andrews, R.J. Baxter and P.J. Forrester: Eight-vertex SOS model and generalized 
Rogers- Ramanujan-type identities. J. Stat. 

[3] A.B. Astashkevich: On the structure of Verma modules over Virasoro and Neveu-Schwarz 
algebras. Commun. Math. Phys. 186 (1997) 531; 

A.B. Astashkevich and D.B. Fuchs: Asymptotic of singular vectors in Verma modules over 
the Virasoro Lie algebra. Pac. J. Math. 177 (1997) No.2 

[4] M.F. Atiyah, unpublished; 

R.S. Ward: Integrable and solvable systems, and relations among them. Philos. Trans. R. Soc. 
London A315 (1985) 451 

[5] M. Bauer, P. di Francesco, C. Itzykson and J.-B. Zuber: Singular vectors of the Virasoro 
algebra. Phys. Lett. B260 (1991) 323 

[6] M. Bauer, P. di Francesco, C. Itzykson and J.-B. Zuber: Covariant differential equations and 
singular vectors in Virasoro representations. Nucl. Phys. B362 (1991) 515 

[7] A. A. Belavin, A.M. Polyakov and A.B. Zamolodchikov: Infinite conformal symmetry in two- 
dimensional quantum field theory. Nucl. Phys. B241 (1984) 333 



Neveu-Schwarz superconformal fields and uncharged superconformal transformations 27 

[8] L. Benoit and Y. Saint-Aubin: Degenerate conformal field theories and explicit expressions 
for some null vectors. Phys. Lett. B215 (1988) 517 

[9] L. Benoit and Y. Saint-Aubin: An explicit formula for some singular vectors of the Neveu- 
Schwarz algebra. Int. J. Mod. Phys. A7 (1992) 3023; 

L. Benoit and Y. Saint-Aubin: Fusion and the Neveu-Schwarz singular vectors. Lett. Math. 
Phys. 23 (1991) 117 

[10] R. Blumenhagen: N = 2 supersymmetric W -algebras. Nucl. Phys. B405 (1993) 744 

[11] W. Boucher, D. Friedan and A. Kent: Determinant formulae and unitarity for the N = 2 
superconformal algebras in two dimensions or exact results on string compactification. Phys. 
Lett. B172 (1986) 316 

[12] M.R. Bremner: Superconformal extensions of the Witt algebra. MSRI 03309-90 Berkeley 
University (1990) 

[13] J.D. Cohn: N = 2 Super-Riemann surfaces. Nucl. Phys. B284 (1987) 349 

[14] V.K. Dobrev: Characters of the unitarizable highest weight modules over the N = 2 super- 
conformal algebras. Phys. Lett. B186 (1987) 43 

[15] M. Dorrzapf: Singular vectors of the N = 2 superconformal algebra. Int. J. Mod. Phys. A10 
(1995) 2143 

[16] M. Dorrzapf: Analytic expressions for singular vectors of the N = 2 superconformal algebra. 
Commun. Math. Phys. 180 (1996) 195 

[17] M. Dorrzapf: Superconformal field theories and their representations. PhD thesis, University 
of Cambridge, http://www.damtp.cam.ac.uk/user/mdl31/research/thesis.html, 205 pages, 
(1995) 

[18] M. Dorrzapf and B.Gato- Rivera: Transmutations between singular and subsingular vectors 
of the N = 2 superconformal algebras. Preprint IMAFF-FM-97/04, NIKHEF-97-048, HUTP- 
97/A055 hep-th/9712085 (1997) 

[19] M. Dorrzapf, work in progress 

[20] B. Duplantier and H. Saleur: Exact critical properties of two-dimensional dense selfavoiding 
walks. Nucl. Phys. B290 (1987) 291 

[21] B.L. Feigin and D.B. Fuchs: Representations of Lie groups and related topics. A.M. Vershik 
and A.D. Zhelobenko eds. , Gordon & Breach (1990) 

[22] D. Friedan, Z. Qiu and S. Shenker: Conformal invariance, unitarity and two-dimensional 
critical exponents. Phys. Rev. Lett. 52 (1984) 1575 

[23] D. Friedan, Z. Qiu and S. Shenker: Superconformal invariance in two dimensions and the 
tricritical Ising model. Phys. Lett. B151 (1985) 37 

[24] D. Friedan: Notes on string theory and two dimensional conformal field theory. Proc. Santa 
Barbara workshop on unified, M.B. Green and D. Gross, eds. , World Scientific (1986); 
D. Friedan and P. Windey: Supersymmetric derivation of the Atiyah-Singer index and the 
chiral anomaly. Nucl. Phys. B235[FS11] (1984) 395 



Neveu-Schwarz superconformal fields and uncharged superconformal transformations 28 

[25] D. Fuchs: Singular vectors over the Virasoro algebra and extended Verma modules. Adv. Sov. 
Math. 17 (1993) 65 



[26 

[27; 

[28 
[29 
[30 
[31 
[32 

[33 

[34 

[35 
[36 

[37; 
[38 

[39 

[40 
[41 

[42 

[43 

[44; 



M.R. Gaberdiel: Fusion rules of chiral algebras. Nucl. Phys. B417 (1994) 130 

M.R. Gaberdiel: A general transformation formula for conformal fields. Phys. Lett. B325 
(1994) 366 

B. Gato-Rivera and J.I. Rosado: Chiral determinant formulae and subsingular vectors for the 
N = 2 superconformal algebras. Nucl. Phys. B503 (1997) 447 

B. Gato-Rivera and J.I. Rosado: Families of singular and subsingular vectors of the topological 
N = 2 superconformal algebra. Nucl. Phys. B514 (1998) 477 

P. Ginsparg: Applied Conformal Field Theory. E. Brezin and J. Zinn-Justin, eds. , Les 
Houches, Session XLIX (1988) 

P. Goddard, A. Kent and D. Olive: Unitary representations of the Virasoro and super- 
Virasoro algebras. Commun. Math. Phys. 103 (1986) 105 

D.A. Huse: Exact exponents for infinitely many new multicritical points. Phys. Rev. B30 
(1984) 3908 

V.G. Kac: Lie super algebras. Adv. Math. 26 (1977) 8 

V.G. Kac and S.-J. Cheng: A new N = 6 superconformal algebra. Commun. Math. Phys 186 
(1997) 219 

V.G. Kac: Superconformal algebras and transitive group actions on quadrics. Commun. Math. 
Phys. 186 (1997) 233 

V.G. Kac: Highest weight representations of infinite dimensional Lie algebras. Proc. Int. 

Congress of Math., Helsinki (1978) 299; 

V.G. Kac: Contravariant from for infinite- dimensional Lie algebras and superalgebras. 

A. Kent: Singular vectors of the Virasoro algebra. Phys. Lett. B273 (1991) 56 

E.B. Kiritsis: Structure of N = 2 superconformally invariant unitary "minimal" theories: 
Operator algebra and correlation functions. Phys. Rew. D36 (1987) 3048 

E.B. Kiritsis: Character formulae and the structure of the representations of the N = 1, 
N = 2 superconformal algebras. Int. J. Mod. Phys. A3 (1988) 1871 

Y. Manin: Gauge field theory and complex geometry. Springer- Verlag (1980) 

H.J. Matschull and H. Nicolai: Canonical quantum supergravity in three- dimensions. Nucl. 
Phys. B411 (1994) 609 

G. Mussardo, G. Sotkov and M. Stanishkov: N = 2 superconformal minimal models. Int. J. 
Mod. Phys. A4 (1989) 1135 

H. Nishino, S.J. Gates Jr. and S.V. Ketov: Supersymmetric self-dual Yang-Mills and super- 
gravity as background of the Green-Schwarz superstring. Phys. Lett. B307 (1993) 331 

H. Ooguri and C. Vafa: Geometry of N = 2 Strings. Nucl. Phys. B361 (1991) 469 



Neveu-Schwarz superconformal fields and uncharged superconformal transformations 29 

[45] H. Saleur: Conformal invariance for polymers and percolation. J. Phys. A20 (1987) 455; 
H. Saleur: Polymers and percolation in two- dimensions and twisted N = 2 super symmetry. 
Nucl. Phys. B382 (1992) 486 

[46] M. Scheunert: The theory of Lie superalgebras. An introduction. Lect. Notes in Math. 716, 
Springer- Verlag (1979) 

[47] A. Schwimmer and N. Seiberg: Comments on the N = 2, 3, 4 superconformal algebras in two 
dimensions. Phys. Lett. B184 (1987) 191 

[48] M.J. Tejwarni, 0. Ferreira and O.E. Vilches: Possible Ising transition in a A He monolayer 
absorbed on Kr-plated graphite. Phys. Rev. Lett. 44 (1980) 152 

[49] G. Waterson: Bosonic construction of an N = 2 extended superconformal theory in two 
dimensions. Phys. Lett. B171 (1986) 77 

G.M.T. Watts: Null vectors of the superconformal algebra: The Ramond sector. Nucl. Phys. 
B407 (1993) 213 



